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Abstract. Let n be the fundamental group of a closed surface and G a Lie group 
with a biinvariant metric, not necessarily positive definite. It is shown that a certain 
construction due to A. Weinstein relying on techniques from equivariant cohomology 
may be refined so as to yield (i) a symplectic structure on a certain smooth manifold 
A4{T',G) containing the space Hom(7r,G) of homomorphisms and, furthermore, (ii) a 
hamiltonian G-action on M-(V,G) preserving the symplectic structure, with momentum 
mapping fi: A4(V,G) ^ g* , in such a way that the reduced space equals the space 
Rep(7r, G) of representations. Our approach is somewhat more general in that it also 
applies to twisted moduli spaces; in particular, it yields the Narasimhan-Seshadri 
moduli spaces of semistable holomorphic vector bundles by symplectic reduction in 
finite dimensions. This implies that, when the group G is compact, such a twisted 
moduli space inherits a structure of stratified symplectic space, and that the strata 
of these twisted moduli spaces have finite symplectic volume. 
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Introduction 

Let TT be the fundamental group of a closed surface and G a Lie group with a 
biinvariant metric, not necessarily positive definite. The symplectic structure on the 
smooth part of (the components of) the moduli space Rep(7r, G) =Hom(7r, 
[2], [6] has recently been obtained by A. Weinstein by entirely finite dimensional 
techniques [23]. Weinstein constructed a closed equivariant 2-form on (the smooth 
part of) Hom(7r, G) and showed by techniques from equivariant cohomology [1] that 
this 2-form descends to (the non-singular part of) Rep(7r, G). In this paper we refine 
Weinstein's method by showing that in fact it yields (i) a symplectic structure on a 
certain smooth manifold A4{V,G) containing Hom(7r, G) (as a deformation retract) 
and, furthermore, (ii) a hamiltonian G-action on M.(V^G) preserving the symplectic 
structure, with momentum mapping /j,: M.(V,G) g*, in such a way that the 
reduced space equals Rep(7r, G). Our approach is somewhat more general in that it 
also applies to twisted moduli spaces, see Section 6 below. In particular, it yields the 
Narasimhan-Seshadri [21] moduli spaces of semistable holomorphic vector bundles 
by symplectic reduction, applied to a smooth finite dimensional symplectic manifold 
with a hamiltonian action of the unitary group, which is finite dimensional. Our 
result, apart from being interesting in its own right, reveals some interesting and 
attractive geometric properties of these twisted moduli spaces. Firstly, it implies that, 
when the group G is compact, with reference to the decomposition of orbit types, 
such a twisted moduli space inherits a structure of stratified symplectic space in the 
sense of [22]; in particular, this yields a description of the behaviour the symplectic 
or more generally Poisson structure of these moduli spaces in their singularities (in 
the appropriate sense); see our paper [12] where the Poisson geometry has been 
worked out explicitly in some special cases. Secondly our results implies that the 
strata of these twisted moduli spaces have finite symplectic volume. See Section 
7 below for details. The finiteness of the symplectic volume of the moduli spaces 
of semistable holomorphic vector bundles has been obtained also by Narasihman 
[unpublished] by an argument involving the Quillen metric. Moreover it is likely 
that the momentum mapping which we found can be studied further by means of 
the well known convexity results, cf. [17] and the literature there. We also expect 
that Kirwan's methods [18] or suitable extensions thereof become applicable so 
that more calculations in the cohomology of these moduli spaces can be done. 

Our approach in fact applies to arbitrary groups tt with a finite presentation and 
yields then somewhat more general results. It may be viewed as a step towards the 
"grand unified theory" searched for by A. Weinstein in that, cf. Lemma 1 below, 
it explains the occurence of the form i? in [23] which there was put in "by hand". 

An extension of our construction yields other cohomology classes from the char- 
acteristic ring, in fact, it also applies to integral cohomology via the cohomology of 
the classifying space of G. We shall make this precise at another occasion. 

For the flat case, the space Rep(7r, G) has been obtained as the reduced space of 
a certain smooth finite dimensional symplectic manifold with hamiltonian G-action 
also by L. Jeffrey [14]. Her construction involves gauge theory techniques. After 
completion of the paper I learnt that some of the same results have been obtained 
by her independently [15]. 

I am much indebted to J. Stasheff, A. Weinstein, and Dong Yan for a number of 
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comments which helped clarify the exposition, and to R. Sjamaar for explaining me 
the requisite technical details for the proof in [22] of the finiteness of the symplectic 
volumes of the strata of a reduced space under appropriate circumstances; in fact 
the proof of (7.2) below crucially relies thereupon. 

1. Equivariant Maurer-Cartan calculus 

Let G be a Lie group, with Lie algebra g, and let • be an adjoint action invariant 
symmetric bilinear form on g, not necessarily definite nor positive. We use the 
notation and terminology in [23]. 

For case of exposition we recall some notions from equivariant de Rham cohomology 
[1], [3]. Let M be a G-manifold M, and consider its bi-differential graded algebra 
[Qq* (M); d, 6g) of G-equivariant forms; here the Lie algebra g is concentrated 
in degree two, and Oq''^(M) refers to the G-equivariant homogeneous degree j 
polynomial maps on g with values in the usual degree k de Rham forms Q'^{M). 
The usual de Rham differential on M is G-invariant and hence induces an operator 

— d:Q^J'^{M) n^J'''+\M), for every k,j > 0; 
the additional equivariant operator 

— 5G:ng'''(M) ^ ng+2'^"^(M), for A; > 1 and j > 0, 

assigns to a G-invariant polynomial map a:g^Q''{M) the G-invariant polynomial 
map 5g(q;):^ — > f2^~-^(M) which is given by 

{5G{a)){X) = -ix^{a{X)), 

where Xm denotes the vector field given by the Lie algebra element X acting on 
M. It is clear that dd = and a straightforward contraction and Lie derivative 
calculation shows that 

(1) dSG + SGd = 0, SgSg = 0. 

Consequently the operator 

d + 5G 

is a differential on the total object of Og*(M). It is clear that {Qq* {■); d, 5g) is 
a functor in the appropriate sense. This is all we need to know about equivariant 

cohomology; for our purposes it is merely an excellent tool to say something concisely 
which might have been technically more involved in some other language. Wc only 
mention that we could as well have defined by ixMi^i^)) but we have 

chosen the above operator to arrive at the same formulas as in [23]. 

For every q>l, the direct product G^ of q factors of G will be considered as a 
G-manifold, with G-action by inner automorphisms on each copy of G. In the usual 
way these fit together to a simplicial manifold NG having G"^ in degree g, and 
NG inherits an obvious structure of simplicial G-manifold [4], [5]. Application of 
the functor (0^*(-); d, 5g) to NG yields a cosimplicial bi-differential graded algebra 
{QQ*{NG);d,5G) — we did not indicate the cosimplicial structure explicitly. Its 
realization yields the equivariant bar de Rham tricomplex 
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Here 5 refers to the (inhomogeneous) bar complex operator. Recall (p. 116 of [19]) 
it is given by the formula 

5(/)(ao,...,a,) = (-1)^+1 [/(ai,...,a,) 

q-l 

+ ^{-'^yfiao, • • • , • • • , Og) 

+ (-l)V(ao,...,a,_i)]. 

The corresponding (inhomogeneous) bar complex operator 5: 0^*(G'^) — > n^*(G'^"'"^) 
looks like 

^/ = (-ir+'E(-iy5.7; 

here / refers to a de Rham form on G^, Sof and dqf are the forms on G'^'^^ 
arising from pulling back / from via the projection mappings from G^^^ to 
Gi forgetting the first and last copy of G, respectively, while for I < j < q — I, 
Sjf is the form on G'^'^^ arising from pulling back / from G'^ via the map which 
multiplies the {j — l)th with the jth variable and fixes the rest. By construction, 
the operator S is compatible with the other structure, and hence the operator do, 
which on elements of total form degree p is given by 

do^s+i-irid+so), 

is a differential on the totalization for (QQ*{G*);6,d,5G)- The resulting complex is 
the total equivariant bar de Rham complex. The above sign (—1)'^"'"^ does not occur 
in [23]; according to the Eilenberg-Koszul convention it is the formally appropriate 
sign. Since the only explicit instance of the operator d in [23] refers to a situation 
where g = 1, see (2) and (4) below, our sign convention does not affect the formulas. 

For intelligibility we now recall briefly the equivariant Maurer-Cartan calculus from 
[23]: Denote by u the (/-valued left-invariant 1-form on G which maps each tangent 
vector to the left invariant vector field having that value. The corresponding right 
invariant form will be denoted by uJ. Recall that the triple product {x,y,z) i-^ [x,y]-z 
yields an alternating trilinear form on g; for our purposes, the appropriate form is 

T{x,y,z) = ^[x,y]- z, x,y,zeg; 

it is closed for the usual Cartan-Chevalley-Eilenberg Lie algebra cohomology operator. 
Its left translate is a closed invariant 3-form A on G which by the way coincides 
with the right translate of r. Notice 

At the risk of making a mountain of a molehill we recall that the present conventions 
entail that, for arbitrary left invariant vector fields X and Y on G, we have 
[u},u)]{X,Y) = 2[X,Y] whence the sum of the three requisite shuffles yields 



{[u;,u;]-u;){X,Y,Z) = 6[X,Y]-Z, 
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for arbitrary left invariant vector fields X, Y, Z, and thence the left translate A of 
T looks like stated. Next, if a is any differential form on G, we denote by aj the 
puUback of a to G X G by the projection pj to the j'th component. Let 

Q = ^oji •aJ2- 

This is an alternating 2-form on G x G. Here the convention is that 

(a;i • u;2){U, V) = u;i{U) ■ iJ2{V) - 002{U) ■ ui{V), 

that is, there is no factor of ^, and the pairing of arbitrary forms will likewise 
involve shuffles instead of all permutations. This is the convention coming into 
play in [23]; it is forced by the form of the Maurer-Cartan equations in [23] and, 
furthermore, by the identity (4) below, and we keep this convention to arrive at 
the same formulas as in [23]. Finally, consider the element ■& e that is, 

the linear G-invariant map 'd:g^Q}[G) whose adjoint i?'', viewed as a (7*-valued 

1- form on G, amounts to ^(cu + cJ), combined with the adjoint g ^ g* of the given 

2- form; thus, when we view X e as a constant ^f-valued 0-form on G, 

We note that the forms A, f2, are exactly half the forms denoted by the same 
symbols in [23]. The reason why we work here with half the forms in [23] will 
become clear in Sections 4 and 5 below. In fact, the form Q will eventually yield 
the symplectic structures on moduli spaces. 

With these preparations out of the way, the equivariant Maurer-Cartan calculus 
amounts to the following relations: 



(2) 


dfl = SX 


[23] 


(3.3), 


(3) 


5n = o 


[23] 


(3.4), 


(4) 


Sg^ = -S-d 


[23] 


(4.4), 


(5) 


dX = 


[23] 


(3.1), 


(6) 


5gX = d^ 


[23] 


(4.1), 


(7) 


5g^ = Q 


[23] 


(4.3). 



These identities say that (i) the form — A is an equivariant closed form {not 
equivariantly closed) of (total) degree 4 and that (ii) the form = O — A -|- 
is an equivariantly closed element of (total) degree 4 in the total complex of the 
equivariant bar de Rham complex (0^*(G*); (i, 5, ^g), cf. [23] (4.5). 

We conclude this Section with another consequence of these relations which will 
be crucial in the sequel. Let h:fl*{g) fl*~^{g) be an adjoint action invariant 
homotopy operator, so that the operator dh + hd equals the identity on Q* (g) . 
For example we could take the usual homotopy operator given by integration of 
forms along linear paths, but this will not be important for us since we shall only 
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need the mentioned formal properties of h. Write p = exp *(A) e n^{g) and let 
P = h{p) e 0.^{g). Then it is obvious that 

(8) dp = p 

in the de Rham complex of g. Moreover, since h is equi variant, so is /3, that 
is, P e QQ^{g), with reference to the adjoint representation. As usual we write 
exp: g — > G for the exponential mapping and exp* for the induced map from Qq*{G) 
to Q*S*i9)- 

Lemma 1. There is a smooth G-equivariant map tj): g ^ g* , uniquely determined 
by the requirement that 'iIj{0) = 0, whose adjoint il^^:g ^^{g) = C°°{g), that is, 
■0* e i}Q^{g), satisfies 

= exp*(t?) + dGiP)- 
To prove this we observe at first that (1) and (6) imply 

(i(exp*(i?) + 5G/9) = 0, 

that is, exp*{'d) + 5gP is a cocycle for the de Rham operator d. In fact, 

d(exp*(^) + 6gP) = exp*{di}) + dSoP 
= exp*{d^) -ScidP) 
= exp*{d^)-6G{p) 
= exp*{d^-5G{X)) = 0. 

Hence the smooth G-equivariant map i/j whose adjoint is given by 

iP^ = ho {exp*{^) + SGiP)): g ^ C^{g) 

has the asserted property. It is manifestly unique up to a constant. □ 

Corollary. The value of the derivative of at an arbitrary point of the centre of 
g equals the adjoint g ^ g* of the given 2- form on g. Consequently the restriction 
of ifj to the centre equals itself the adjoint of this 2-form. 

Proof. Let ^ be a point of the centre of g. By Lemma 1, the derivative amounts 
to the sum of d^-.g ^ g*, the adjoint of viewed as a (7*-valued 1-form on G, 
at exp{z) E G, and {SGP^z'-d ^9*: the adjoint {SgPY of 5gP E ^Iq (g)-, viewed as 
a g*-valued 1-form on g, at z e g. Since viewed as a fir*-valued 1-form on G, 
amounts to |(a;-|-aJ), combined with the adjoint g ^ g* of the given 2-form on g, 
the derivative equals the adjoint g ^ g* of this 2-form. To understand the other 
term, recall that the vector field Xq for the adjoint representation amounts to the 
sum X + X, where X is the right invariant vector field on G having at the identity 
of G the same value as X & g. By construction, SqP is the equivariant linear map 
SaP-g^ ^^{g) given by 



{{SgP){X)){Y) = -P{Xg,Y), 
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for X,Y e g, where Xq and Y refer to the vector fields on g arising from puUing 
back via the exponential mapping the vector fields on G denoted by the same 
symbols; in particular Y should not be viewed as the vector field on g arising from 
the usual identification of a vector space with its tangent space at any point. In fact, 
the latter amounts to the canonical parallelization on g, viewed as a vector space, 
whereas the vector field Y arises from the parallelization given by left translation 
on G. Thus all told, we obtain the formula 

{{5gP){X)){Y) = P(X -X,Y)= p(X, Y) - p{X, Y), 

for X,Y e g. However, at a point of the centre, the two vector fields X and X 
coincide whence {Sg^Yz - 9 ^ 9* zero. □ 

Remark. Suppose h is the standard homotopy operator given by integration of 
forms along linear paths in g. Then it may be shown that Soh + hdo is zero and a 
calculation of L. Jeffrey [15] shows that the map ip amounts to the adjoint of the 
given 2-form on all of g. In fact, in view of (6), 

d{h o exp*(i?)) = (Id - hd)ex.p*{i}) 

= exp*(??) - /iexp*(5G(A)) 
= exp*(t?) +5G/iexp*(A)) 

whence we may take i/j = hoexp*{'&). Given x and y in g, we then have 

il;{x)-y^ (exp*(i?))te(x) • y 

^0 

1 

^exp(tx)(exp^a;) -y 
1 

(a; + aJ)exp(te)(exp^a;) 



since along the 1-parameter subgroup generated by x (i) the vector field exp^a; 
coincides with x and (ii) U{x) equals u!{x) = x. 

2. Forms on representation spaces 

Let n be a group; we denote the chain and cochain complexes of its inhomogeneous 
reduced normalized bar resolution BIl [19] by (C*(n),5) and (C*(n),5), respectively. 
For p> 1, consider the evaluation map 

(9) E: UP X Hom(n, G) G^ 

and the induced maps 





(10) 



E*: n*^*{GP) CP{U) ® n^*(Hom(n, G)). 
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They assemble to a morphism 

(11) {n*^*{G*);d,5,5G) ^ (C*(n),5)® (l]^*(Hom(n,G'));d,5G) 

of tricomplexes; in a given tridegree {i,j,k), it looks like 

Pairing with chains in C*(n), we obtain the chain map 

(-, ■): (a(n), d) ® (c*(n), 5)0 (o^*(Hom(n, G)y,d, 5g) 

^^^^ ^(n^*(Hom(n,G));d,5G) 

which produces equivariant forms on Hom(n, G), suitably interpreted in the singu- 
larities of Hom(n, G); actually, the problem of singularities will not occur below. 
In particular, for a 2-chain c e C2(n), let 

(13) uja = {c,E*Q4). 

Since (11) is a morphism of tricomplexes, this amounts to 

(14) 0Jc = {c,E*n), 
and, cf. (1) and (3), 

(15) diUc = d{c, E*n) = (c, E*dn) = (c, E*6X) = {dc, E*X), 

(16) 6guJc = Sg{c, E*n) = (c, E*Sg^) = (c, -E*S'd) = -{dc, E*'&). 

In particular, when c is closed, coc is closed and equivariantly closed; moreover, 
when c = db, 

{db, E*n) = (6, E*sn) = 0, 

cf. (2), whence the assignment of Uc to c yields a homomorphism from H2(n) to 
the space of closed and equivariantly closed equivariant 2-forms on Hom(n, G), cf. 
[23] (5.1). For k G H2(n), we therefore write a;„ G n^(Hom(n,G)) for its image, to 
indicate that this form depends merely on the cohomology class. 

Let 

'P = (a^i , . . . , Xn't flj • • • jfr 



' m 



be a presentation of a group tt, write F for the free group on the generators 
and N for the normal closure of the relators, so that tt = F/N. The choice of 
generators identifies Hom(F, G) with G'^ and, furthermore, the space Hom(7r, G) 
with the pre-image of the identity element in G"*, for the word map 

r=(ri,...,r^):G-^G- 

induced by the relators. Let O C (7 be the open G-invariant subset of g where the 
exponential mapping from to G is regular; notice that O contains the centre of 
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g. Write G) for the space determined by the requirement that a pull back 

diagram 

n{V,G) — ^ O"^ 

exp 

Hom(F,G) ^ G"^ 

r 

results, where the induced map from H{V, G) to O"^ is still denoted by r. The 
space TiiV, G) is a smooth manifold and the induced map r] from 7i(P, G) to 
Hom(F, G) = G^ is a smooth codimension zero immersion whence Ti.{V, G) has the 
same dimension as G'^; moreover the above injection of Hom(7r, G) into Hom(F, G) 
induces a canonical injection of Hom(7r,G) into TC{V,G), and in this way Hom(7r,G) 
will be viewed as a subspace of H{V,G); when we restrict to a suitable G-invariant 
ball in O"^, we obtain even an open submanifold of G^ but this will not be 
important for us. 

Let c be a 2-chain of F whose image c^r in G2(7r) under the canonical map is 
closed, and write k = [c-j^] e H2(7r) for its class. We can then apply the above 
construction, to 11 = F and 11 = tt. With 11 = F we obtain a 2-form Uc on 
Hom(F, G) = G" which, by naturality, on Hom(7r, G) restricts to the closed 2-form 
(in the appropriate sense) corresponding to k G H2(7r). In [23], A. Weinstein 
raised the question whether a;^ admits a closed extension to Hom(F, G) = G^. Here 
is a possible answer to this question, with G^ replaced by the space 1-L{V,G). 

Theorem 1. For every class k G H2(7r), there is a 2-chain c G C2{F) and an 
equivariant 2-form B on determined by c and V so that U3c,v — rj* {u>c) — r* B is 
a closed G-equivariant 2-form on Ti{V,G) extending u>^. 

Remark 1. The theorem does not assert that the extension is equivariantly closed. 
In fact, in general it will not be equivariantly closed. An equivariantly closed 
extension will be constructed in the next Section. 

Lemma 2. For every k G H2(7r), there is a 2-chain c G C2{F) whose image 
G G2(7r) represents k G H2(7r) and whose boundary dc looks like 

dc=J2^jrj, Uj^Z. 

Moreover, dc then represents k, the second homology group H2(7r) being identified 
with the kernel of the induced map from N/[F,N] to F/[F,F] by means of the 
Schur-Hopf formula. 

Proof. Pick a 2-chain c G G2(F) whose image G G2(7r) represents k G H2(7r). The 
boundary dc is a finite linear combination 

dc — "^^^i^jWj, G Z, Wj G F. 

We assert that for a suitable choice, each Wj lies in A^. In fact, dc lies in the 
kernel of the induced map from Ci{F) to Gi(7r). Since Ci{F) and Gi(7r) are the 
free abelian groups generated by F* = F \1 and tt* = tt \ 1, the kernel of the 



(17) 
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induced map from Ci{F) to Ci{tv) is generated by the elements of N* together 
with elements of the kind [wn] — [w], for w E F and n E N. However, for e F 
and n E N, 

d[w\n] = [n] — [wn] + [w], 

and [w\n] G C2{F) goes to zero in C2(7r). Hence a suitable modification of c if 
necessary yields a 2-chain c' e C2{F) so that (i) dc' is a sum of terms Hk^k where 
each Wk E N and (ii) whose image E C2{n) still represents k, E H2(7r). Thus we 
may assume that the boundary of c involves only elements of N. 

Next we show that we may in fact pick c in the asserted way. In fact, each 
w E N is a product of conjugates yrjy~^ and zr^^z~^, y,z E F. However, 

d[u\v] = [v] — [uv] + [u], d[u\u~^] = [u~^] + [u], 

whence adding suitable terms to c if necessary, we may assume dc is of the kind 

dc = J2^jyjrjy7^^ z/^. G z; 

notice adding these terms does not change the image G C2(7r). Finally, 

c}[xt;|x~"'"] = [x~^] — [xvx~'^] + [xv], d[x~^\xv] — [xv] — [v] + [x~^]j 

whence adding further terms to c if necessary, we arrive at a 2-chain in C2{F) of the 
asserted kind. The statement involving the Schur-Hopf formula is then obvious. □ 

Proof of Theorem 1. Let c be a 2-chain for F whose image G C2(7r) represents 
K E H2(7r) and whose boundary dc looks like 

dc^^VjTj, VjEZ. 

By Lemma 2, such a c exists. For j = 1, . . . , m, let pj-. G"* G be the projection 
onto the j'th factor, let \j = p*{X) G Q^iG"^), and let A = E'^j-^j ^ 0^(6'""). This 
is a closed equivariant 3-form and, since E: F x Hom(F, G) ^ G maps {w, 0) to the 
result of application of the word map for w to {(f){xi), . . . , (f){xn)), 

{dc, E*X) = r*A 

whence 

(18) (ia;c = r*AG03(G"^). 

For j = 1, . . . ,m, let f^j = p*{P) E Vt^{g'^), and let B = Y.^jPj e ^'^{q'^) so that 

dB = J2^jdPj = ^J^jexp*(Aj) = exp*(A) G fl^ig"^). 
Then on H{V,G) we have the identity dri*{u)c) =r*dB, that is, 

d{r]*{uJc) -r*B) =0. 

The form r]*{LJc) — r*B is the closed equivariant extension of a;^ we are looking 
for. □ 

Remark 2. The 2-form rnay be closed on a space larger than Hom(7r,G). In 
fact, the 3-form A is identically zero on the centre Z of G. Hence, in view of the 
identity (18), the naturality of the construction implies that, the space G"^ being 

identified with Hom(F, G) by means of the choice of generators, the 2-form Uc is 
closed on the subspace of Hom(F, G) consisting of homomorphisms (p from F to G 
having the property that 4>{rj) lies in Z, for 1 < j < m. 
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3. The equivariantly closed extension 

Let K e H2(7r), and let c e C2{F) be a 2-chain and B the corresponding equivariant 
2-form on g'^ so that (jJc,v = '7*(<^c) —r*B is an equivariant closed 2-form ^{{VjG) 
extending a;^, as in Theorem 1. 

Theorem 2. There is a smooth equivariant map fx: Ti.{V, G) — > g* whose adjoint 
iJ: g ^ C°°{H{'P,G)) satisfies the identity 

on 'H{VtG). Consequently ujc^v — 1^^ is an equivariantly closed form in 
{i}Q*{7i{V,G));d,SG) of total degree 2 extending uj^. 

Thus, cf. [1] and what is said in Section 5 below, is a momentum mapping 
for the 2-form Uc^-p on TiiV.G), with reference to the obvious G-action, except that 
Uc^v is not necessarily non-degenerate. 

Proof. For j = 1, . . . , m, let = p*{'d) e 1]J^(G'"^), and let G = E I'j'^j e f]J^(G'"^) 
so that 

{dc, E*^) = r*e e nJ^(G^). 

In view of (16), 

^Gii^cv) = SG{ri*M - r*B) 
= r]*{6GU)c) - r*6GB 
= -r]*{{dc,E*d))-r*5GB 

= -r*(exp*(e) + 5gB) e G)). 

For j — 1, . . . ,m, write ipj: g'^ — > g* for the composite of the projection onto the j'th 
factor with ip, so that its adjoint ip^y.g ^ ^^{g"") = C°°{g"'), that is, V* e ^G^ig"^), 
satisfies 

#» = (exp*(i?,)+5G/9j). 

Let 

^ = J2^,i;,:g^^^g*; 
this is a smooth map. By Lemma 1, its adjoint e 11^° (^r'") satisfies 

d¥ = 5^zy,(exp*(i?,) + dGpj) = exp*(e) + SgB e 
Hence on 7^(P, G) we have the identity 

SG{uJc,r) = -r*{d¥) = -d{r*¥) 
which, with = o r: TiiV, G) ^ g*, looks like 

Sg{(^c,v) = dij} 

as asserted. □ 
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4. Examination of the equivariantly closed 2-form 

Let (f) e Hom(F, G) = and suppose that each (f){rj) hes in the centre of G. Then 
the composite of with the adjoint representation of G induces a structure of a 
TT-module on g. We write (7^ for (7, with the resulting 7r-module structure. By 
means of the left Fox calculus, the presentation V determines a chain complex 

(4.1) C(P, 94,): C°(P, g^) ^ C\V, g^) ^ C\V, g^) 

computing the group cohomology H*(7r,gf0) in degrees and 1; we only mention 
that there are canonical isomorphisms 

G\V,g^)^g, C\V,g^)^g\ C'{r,g^)^g"'. 

See e. g. our paper [10] where the details are given for the right Fox calculus. 
To explain the geometric significance of this chain complex, denote by the 
smooth map from G to Hom(F, G) which assigns x(j)x~^ to x E G, and write 
-R<^: — ^ T<^Hom(F, G) and Rr,f,: g'^ ^ Tr(f>G'^ for the corresponding operations of 
right translation. The tangent maps TgCt^ and T^r make commutative the diagram 

T,G T^Hom(F,G) T,(^)G- 

g > g'" > g^. 

v <p 

We work here with right translation since this yields formulas consistent with existing 
literature on representation spaces, cf. e. g. [20]. In our paper [10] we worked 
with left translation since there the relationship with principal bundles is made 
explicit, and the usual convention in the literature is to have the structure group 
of a principal bundle act on the right. 

The 2-form • on g and the homology class k determine the alternating 2-form 

(4.3) H^tt, g^) ® R^tt, g^) ^ Y{\ti, R) R 

on H^(7r, gr<;i). In view of the commutativity of (4.2), right translation identifies 
the kernel of the derivative T^r with the kernel of the coboundary operator 5^ 
from C^{V,g(i,) to C^(P,5r<^), that is, with the vector space Z^{7r, gcfy) of ^<^- valued 
1-cocycles of tt; this space does not depend on a specific presentation V, whence 
the notation. We note that C^{V,g^) = Z^{F,g^), the space of ^r,^- valued 1-cocycles 
for F. Our present goal is to prove the following. 

Theorem 4.4. Right translation identifies the restriction of the 2-form ujc to the 
kernel of the derivative T<^r with the 2-form on Z^(7r,(7<^) obtained as the composite 
of u)k,-,cI> with the projection from Z^{7r, gif)) to H^(7r,(7^). 

While this is essentially contained in [23], see also [16], we give a complete proof 
since our argument will clarify the role of the factor | in the definition of the forms 
X,n,'d. 

For a group 11, as usual we write /3(n) for the unreduced normalized inhomogeneous 
bar resolution; the reduced normalized inhomogeneous bar resolution BIl arises from 
/3(n) by dividing out the H-action. 



(4.2) 



Id 
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Lemma 4.5. The cup-pairing \J: Z^{F, g^j,) ® Z^{F, g^) — ^C^(F, R) with reference to 
the 2-form ■ on g is given by the formula 

{u[Jv)[x\y]=u{x) ■ {Ad{(j){x))v{y)), u,v e Z\F,g^), [x\y] e S2(n). 

Proof. Let n be an arbitrary discrete group. Recall from [19] (VIII. 9 Ex. 1, p. 248) 
that the relevant term of the Alexander- Whitney diagonal map A: (3(11) — > (3(11)® (3{U) 
is given by the formula 

A(t(;[a;|j/]) = w ® w[x\y] + w[x] ® wx[y] + iu[a;|j/] ® wxy, 

where w^x^y G 11 . When we apply this to 11 = F we see that, for arbitrary 1-cochains 
u,v:(3i{F) g^j), their cup product uUv, evaluated via the given G-invariant 2-form 
on g, amounts to the 2-cochain which assigns 

[u U = u{x) ■ {Ad{((>{x))v{y)) 

to [x\y] e S2(F). □ 

The chosen 2-chain c in C2{F) looks like 

Define the 2-form u!c,u,4> on Z^{F.,g^) by the explicit formula 

i^c,vj,<i>{u,v) = (cuUv) = ^i^j,ku{xj) ■ {Ad{(l){xj))v{xk)), u,v e Z'^{F,g^). 

Notice this 2-form will not be antisymmetric; only its restriction to the space 
Z^{7r,g(j)) of 5f<^-valued 1-cocycles for tt is antisymmetric. By construction, the 
2-form a;^,.,,^ is induced by the restriction of u!c,u,(t> to the space Z^{TT.,g^). Hence 
Theorem 4.4 will be a consequence of the following. 

Lemma 4.6. At the point (j) of B.om{F,G), the 2-form Uc is the antisymmetrization 

of <^c,U,(f>- 

The 2-form ujc on Hom(F, G) arises from the 2-form Q, on G^, pulled back via 
the evaluation map E from x Hom(F, G) to G^ and evaluated at the 2-chain c. 
More precisely, for x,y E F fixed, consider the smooth map (pixiy] from Hom(F, G) 
to G^ which assigns 0(y)) to e Hom(F, G) and let c^}[x\y] = 4'[x\y]i^)'i ^^^^ 

Thus it is manifest that Lemma 4.6 is a consequence of the following. 

Lemma 4.7. For every x,y E F, the 2-form u;[x\y] is given by the formula 

(4.7.1) u^xly] {u, v)^^ {u{x) ■ {Ad{4>{x))v{y)) - {Ad{4>{x))u{y)) ■ v{x)) , 
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whatever u,v & T<^(Hom(F, G)), the vector space T<^(Hom(F, G)) being identified with 
the space of g(j,-valued 1-cocycles for F via right translation. In other words, for 
every x,y E F , the 2-form uj[x\y] amounts to the antisymmetrization of the 2-form 
on T0(Hom(F, G)) given by the assignment 

{u,v) I — > {uUv, [x\y]). 

Proof. Writing = T<^Hom(F, G), we must calculate the composite 

T^^T^^ (T<^(,)G X T^^y^G) ® (T^(,)G x T^(^)G) g^g 

and combine it with the given pairing. In other words, we must compute the two 
composites 

® T^(,)G ® T^(,)G ^ g®g-^K 

However, right translation identifies the space T<^ with the space of ^.^-valued 

1- cocycles for F. Moreover a composite of the kind 

T<^ T4>{y)G ^ g 

amounts to the assignment of the value v{y) to a ^f,^- valued 1-cocycle v for F 
since aJ is the canonical right invariant ^f-valued 1-form on G; likewise, the adjoint 
representation Ad being viewed as a 0-form on G with values in Aut(5r), we have 
07 = Ada; whence a composite of the kind 

T^{x)G g 

amounts to the assignment of the value Ad{(f){x^^ j)u{x) to a gf<^-valued 1-cocycle u 
for F. Thus all told, for every u,v eT^, 

i^[x\y]iu, v) = ^ {{Ad{4>{x-^))u{x)) ■ v{y) - u{y) ■ {kd{(j){x-'^))v{x))) . 

Since the 2-form is G-invariant, this identity is equivalent to (4.7.1), and the assertion 
follows. □ 

The proof of Theorem 4.4 is now complete. 

Corollary 4.8. Right translation identifies the restriction of the 2-form ujc^-p to the 
kernel of the derivative T^r with the 2-form on Z^(7r,5f<^) obtained as the composite 
of (^K,-,ct> with the projection from Z^(tVj g^i,) to {tv , gi/,) . Consequently the alternating 

2- form u>c,v on 7i{V,G) induces the 2-form i^K,-,(t> on H^(7r, gf,;^); whatever V and c. 
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5. The case of a surface group 

Let 

V= {xi,yi,...,xe,ye;r), r = U[xj,yj], 

be the standard presentation of the fundamental group tt of a closed surface E of 
genus £, and let k e H2(7r) be a generator. This implies that the 2-chain c e C2{F) 
has dc — ±r G C2{F), and we assume the choices have been made in such a way 
that dc = r. Further, suppose that the given 2-form ■ on g is non-degenerate. 
Write Z for the centre of G and z for its Lie algebra. By Poincare duality in 
the cohomology of tt, for every in the pre-image r^^{z) C H{V,G) of z C in 
particular, for every </> e Hom(7r,G), the 2-form a;«,.,<^ is then symplectic. This form 
is just that considered by Goldman [6]. Furthermore, the identity 5g{(jOc,v) = dfi^ 
says that, for every X e g, 

(^c,v{Xn{v,G), ■ ) = d{X o /x), 

that is, formally the momentum mapping property is satisfied. This together with the 
symplecticity of the 2-form cu^,-,;^ at every e r~^{z) implies that Wc.-p has maximal 
rank equal to dim7i{V,G) at every point of the pre-image r~^{z) of z, in particular, 
at every point of Hom(7r, G). In fact, the symplecticity of the 2-form u!k,-,(I> at 
e r~^{z) implies that the 2-form u>c,v on the tangent space T(j,H{V.,G) = C^{V., gcf,), 
restricted to the subspace Z^iji^g^) of 1-cocycles, has degeneracy space equal to the 
subspace B^(7r,5r0) of 1-coboundaries, and the momentum mapping property then 
implies that the 2-form ujc,v on the whole space C^(P,(7<^) is non-degenerate. Let 
A4{V.,G) be the subspace of H{V.,G) where the 2-form (jjc,v is non-degenerate; this 
is an open G-invariant subset containing the pre-image r~^{z). In other words, 
Ai {V, G) is a smooth G- manifold and the 2-form iVc,v is in fact a G- invariant 
symplectic structure on it. Moreover, the restriction 

H= -i;or:M{V,G) g* 

is a momentum mapping in the usual sense. By the Corollary to Lemma 1, the 
derivative of at the origin equals the adjoint of the given 2-form which is assumed 
non-degenerate, whence is regular near the origin and the zero locus of coincides 
with that of r, that is, with the space Hom(7r,G). Symplectic reduction then yields 

the space Rep(7r, G). 

6. Twisted moduli spaces 

The universal central extension of tt arises from the presentation V in the following 
way: Let F be the free group on the generators, the normal closure of r in F, 
and r = F l[F^N]] then the kernel of the canonical projection from F to tt is a 
copy of the integers, generated by [r] =r[F,N] & T = F J[F,N], and these combine 
to the universal central extension 

O^Z^F^TT^l 

of TT. Write Z for the centre of G, let z be the Lie algebra of Z, and let 
X E z. When G is connected, z coincides with the zentre of g but in general 
z equals the invariants for the induced action of the group ttq of components of 
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G on the centre of g. Let Homx(r,G) denote the space of homomorphisms 
from r to G having the property that 0[r] = exp(X); we assume X chosen so that 
Homx(r, G) is non-empty. We comment on the significance of this assumption below. 
Let Repx(r,G') = Homx(r, the resulting twisted moduli space or twisted 

representation space. The choice of generators identifies the space Homx(r, G) with 
the pre-image of exp(X) G G, for the word map r from to G induced by 
the relator r, and we can play a similar game as before, with the same choice of 
c e C2{F) so that do = r represents k G H2(7r). More precisely, since the centre of 
G is contained in O, the space Homx(r, G) arises as the pre-image of X E z <^ O 
under the map r from 7i{F, G) to O. Furthermore, in view of the Corollary to 
Lemma 1, the map ip from g to g* is regular at every point of the centre of g, in 
fact, the restriction of ip to the centre equals the adjoint of the given 2-form whence 
the space Homx(r, G) equals the pre-image of the adjoint X"^ Eg* of X under the 
momentum mapping ^ from Ai{V,G) to g*. Consequently the space Repx(r, G) 
is the corresponding reduced space, for the coadjoint orbit in g* consisting of the 
single point XK 

We now explain briefly the geometric significance of the spaces Repx(r, G) for 
G compact: Let Fr, denote the non-connected Lie group arising from F when its 
centre Z([r]) is extended to the reals R. A homomorphism from F to G having 
the property that 0[r] = exp(X) extends canonically to a homomorphism $ from 
Fr to G by the assignment ^{x) = (j){x) for x eT and ^*(t[r]) = exp(tX) G Z, for 
t G R. This homomorphism, in turn, determines a principal G-bundle ^: P ^ S 
together with a central Yang-Mills connection A on and this association in fact 
identifies the moduli space A^(^) of central Yang-Mills connections with a connected 
component of the space Repx(F, G). Details may be found in [2] for the case of 
connected G and in our paper [9] for the general case. The element X is in fact 
a topological characteristic class of the corresponding bundle ^. However, when 
the structure group G is not connected, it may happen that the space Repx(F, G) 
is not connected and topologically inequivalent bundles may still have the same 
characteristic class X. In particular we see that the requirement that X be chosen 
in such a way that the space Homx(F, G) is non-empty is topological in nature. 
Moreover, it is now clear that the space of representations of F in G with the 
property that the value of [r] lies in the centre of G is partitioned into a disjoint 
union of representation spaces of the kind Repxj(F, G), where X^ E z refers to 
the characteristic class of a corresponding principal G-bundle ^ on S. The space 
Rep(7r, G) is the special case of this construction for X^ = and its connected 
components correspond to topologically inequivalent flat G-bundles. For example, 
for G = U(n), the Lie algebra of the centre amounts to 27riR, and the possible 
choices for X are integral multiples of 27rz. These are just the Chern classes of the 
corresponding bundles ^ — notice a principal U(ri) -bundle on a closed surface E is 
topologically classifled by its Chern class in H^(7r, 7ri(U(n))). For such a bundle ^, 
the moduli space N{^) is homeomorphic to the Narasimhan-Seshadri [21] moduli 
space of semistable rank n holomorphic vector bundles of degree equal to the 
Chern class of ^. Thus our construction in particular yields these moduli spaces by 
symplectic reduction, applied to a smooth finite dimensional symplectic manifold with 
a hamiltonian action of the finite dimensional Lie group U(?i). In [2] these spaces 
have been obtained only by reduction applied to the infinite dimensional space of 
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all connections, with hamiltonian action of the group of gauge transformations. 
7. Applications 

Suppose G compact. Recall that the notion of stratified symplectic space has been 
introduced in [22]. 

Theorem 7.1. With respect to the decomposition according to G-orbit types, the 
space Rep(7r, G) and, more generally, each twisted representation space Rep^(r, G) 
inherits a structure of stratified symplectic space. 

In fact, the momentum mapping n from Ai{V,G) to g* is proper; this follows 
from the fact that it arises from the word mapping r from to G, which is proper 
since and G are compact. The statement of the Theorem is thus an immediate 
consequence of the main result of [22]. The structure of stratified symplectic space 
has been obtained in our paper [11] by another method. 

Theorem 7.2. Each stratum of the space Rep(7r, G) and, more generally, each 
stratum of a twisted representation space Repjf(r,G) has finite symplectic volume. 

The proof follows the same pattern as that for the argument for (3.9) in [22]. There 
the unreduced symplectic manifold is assumed compact. However the compactness 
of the zero level set suffices; in our situation the zero level set is compact. In 
fact, it suffices to prove the statement for the local model in [22] which looks 
like the reduced space of a unitary representation of a compact Lie group, for the 
corresponding unique momentum mapping having the value zero at the origin. For 
the local model there is no difference between (3.9) in [22] and our situation. Once 
the statement is established for the local model, that of Theorem 7.2 follows since 
the reduced space may be covered by finitely many open sets having a local model 
of the kind described. 

We mention two other consequences: 

Corollary 7.3. There is a unique open, connected, and dense stratum. 

In fact, this follows at once from [22] (5.9). A different argument has been given 
in our paper [8]. Likewise [22] (5.11) entails the following, also observed in [11]. 

Corollary 7.4. The reduced Poisson algebra is symplectic, that is, its only Casimir 
elements are the constants. 
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